First principles calculations based on generalized-gradient approximation to density functional theory are performed to study structural and electronic properties of the 2D sheets consisting of the elemental boron. The results find that the boron sheet can be stable and can possess metallic or semiconducting character depending on its atomistic configuration. The unique features present in the electronic properties of the buckled {1212} and reconstructed {1221} sheets would lead to a significant variation on electronic and mechanical properties of the corresponding single-walled boron nanotubes.
I. Introduction
Elemental structures, in general, have always played a pivotal role in the physics and chemistry of materials; they not only give insight into the properties of the elements but also pose challenging questions in their own right. The elemental boron holds a unique place among the elements of the periodic table by having the most varied polymorphism, which includes novel nanostructures (e.g., nanowires, 1 nanoribbons, 2 nanotubes 3 and nanoclusters [4] [5] [6] [7] [8] , and complex icosahedral networks observed in the conventional boron-rich solids. [9] [10] [11] [12] [13] Similar to carbonbased nanostructures (e.g., fullerenes 14 and nanotubes 15 ), which are formed only under kinetically constrained conditions, boronbased nanostructures have also been envisioned, [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] though their properties have not yet been fully elucidated. A recent study of the syntheses of elemental single-walled boron nanotubes (SWBNTs), 3 together with prediction of ballistic conduction in SWBNTs 26 have certainly raised the expectation of their role in the next-generation devices for novel technological applications.
One of the main difficulties in synthesizing boron nanotubes appears to be the instability of a graphene-like boron sheet. It is mainly due to the fact that, in contrast to carbon, multicentered bonds and electron-deficient features of boron 9, 27 are energetically more competitive and stable than bonding features with only the sp 2 hybridization. In spite of this fact, single-walled boron nanotubes were proposed by folding a hypothetical triangular boron sheet that was constructed by the hexagonal pyramidal B 7 units. 18 It is to be noted here that stability and electronic properties of such a triangular boron sheet have so far not been verified by experiments.
Our group has recently performed a theoretical study to investigate energetics and electronic properties of a boron sheet and the corresponding boron nanotubes. 22 The preliminary results based on density functional theory (DFT) within the generalized gradient approximation (GGA) show the relative stability of the sheet reconstructed from the planar triangular lattice. 22 On the other hand, the calculations based on local density approximation (LDA) in density functional theory find the ground state of a boron sheet to consist of a buckled triangular lattice. 21, 23, 24 Because neither GGA-DFT nor LDA-DFT calculations have resulted in an exhaustive search for the geometric configurations that can be considered for the stable configurations, the nature of the ground state of a 2D boron sheet still remains an open question, which we address in the present study.
We have organized the rest of the paper as follows. The computational method used in this work is presented in section II. In section III, we present and discuss our results, and we give a summary of the work in section IV.
II. Methodology
Electronic structure calculations were performed under the framework of density functional theory with the Perdew-Wang (PW91) exchange and correlation functionals. 28 A plane wave basis set was used, and the valence-core interaction was described by the ultrasoft pseudopotential (US-PP) 29 as implemented in the Vienna ab initio simulation package (VASP). 30 In the course of both the cell parameters and atomic positions optimization, the k-space integrations were carried out using the method of Methfessel and Paxton 31 in the first order, with employed smearing width of 0.05 eV. An energy cutoff of 260 eV in the plane wave expansion and of 443 eV for the augmented charge was used. The sizes of the k-point sampling for different systems with different unique cells were individually converged, with a precision of 5 meV/atom. For each optimized structure, total energy was again calculated by using the tetrahedron method with Blöchl corrections using the cutoff energy value of 320 eV in the plane wave expansion as used in VASP.
The reliability and accuracy of the computational model employed was tested on the well studied boron crystalline solid, R-B 12 , which occurs in the rhombohedral phase at ambient pressure and temperature. Table 1 shows that the model parameters used in the current study have successfully reproduced the results of previous theoretical 10, 11, 21, 23 and experimental 32,33 studies on R-B 12 solid. Both LDA (i.e., using the Perdew-Zunger-Ceperley-Alder exchange-correlation functional) and GGA results predict very similar values of the structural parameters, though the LDA overestimates the binding energies.
We have used the same set of model parameters for calculations of the boron sheet that were used for elemental structure calculations of R-B 12 . For the monolayer boron sheet, a supercell was constructed by placing a basic unit of the sheet in the xy-plane inside a rectangular grid with a surface-to-surface separation of ∼10 Å in the z-direction, which ensures a negligible interaction between the sheet and its image. In general, the configurations considered for the sheet were built by repeating the basic unit which is composed of 8-12 boron atoms depending on a given configuration. The Brillouin zone was sampled using a 8 × 8 × 8 Monkhorst-Pack grid for the integration in the reciprocal space. Calculations were deemed converged when changes in total energy were less than 10 -5 eV and those in the interatomic forces were less than 0.01 eV/ Å. Additional details of the calculations can be found elsewhere. 34 
III. Results and Discussion
Owing to its vast variety of structures and complexity in bonding features, a full understanding of properties of boron nanostructures is not likely to be an easy task. Boron has three valence electrons and a short covalent radius. It can undergo sp 2 hybridization in forming atomic clusters that leaves one unoccupied 2p z atomic orbital rendering boron to be electrondeficient. 9 Consequently, the 2D planar and quasi-planar boron clusters are found to be benefitted from π-delocalization due to the unoccupied 2p z orbitals. In fact, the anomalous stability of these planar boron clusters is attributed to aromaticity arising from π-electrons. 7, [35] [36] [37] [38] [39] Due to its electron-deficient character, multicentered bonds are expected to help in understanding the way boron atoms tend to interact with each other. For example, dominance of threecentered bonds in boron compounds precludes the formation of chains or rings in boron clusters 5, 40 and leads to the importance of a B-B-B unit in boron chemistry. In this case, a three-center bond generally involves two electrons in a localized molecular orbital formed by three atomic orbitals (AOs) directed toward the center of the triangle. 9, 27 Realizing that the boron atoms tend to assume the geometries that are based on polyhedra or fragments of a polyhedra in which triangular faces prevail, our choice of sheet configurations for DFT calculations will be based on the interplay of the bonding features, overlap of the atomic orbitals, and geometrical features in the formation of the 2D boron sheet with respect to the 3D boron crystal.
Becasue the previous studies 21, 23, 24, 22 on the boron sheet were limited in sampling the potential energy landscape, calculations were performed by considering a diverse and extensive set of initial configurations with and without symmetry constraints. The resulting optimized configurations are then classified into different categories to provide a better representation of the potential energy landscape of the boron sheet.
A. Structural Properties. Figure 1 displays the several sheet configurations divided into several distinct categories, namely hexagonal graphene-like sheet, idealized and buckled {1212} sheets, reconstructed {1221} sheets, sheets based on the icosahedral configuration, low-symmetry sheets, and hybrid sheets. It is to be noted that our preliminary work considered only idealized {1212} and reconstructed {1221} sheet configurations. 22 Expecting the resemblance of the polymorphism of boron crystalline solids with that of boron sheets, some of the structural features can be extracted from the configurational parameters given in Table 2 . Most of the sheet geometries have ∼90-92% of the binding energy of the R-B 12 solid, and the atomic arrangements can be found to have variations of those in the triangular {1212} lattice. The flat {1212} sheet has a 6-fold coordination of boron atoms, which is uniformly repeated in a basic triangular three-atom unit. In fact, this terminology can be derived through a planar projection of Aufbau principle 4 where the motifs consisting of a pentagonal pyramidal B 6 and the hexagonal pyramidal B 7 are found to be the basic unit to form elemental boron clusters. The calculated cohesive energy of the flat {1212} sheet is 5.48 eV/atom, higher than that of the sp 2 -bonded hexagonal graphene-like boron sheet, which is only 4.96 eV/atom (Table 2 ). When the symmetry of the flat sheet is broken, we find several degenerate metastable buckling configurations depending on the degree and direction of buckling. The structural details of these configurations can be obtained from one of the authors (kclau@mtu.edu).
The calculated results find the buckled {1212} sheet to be the most stable configuration with cohesive energy 5.70 eV/ atom, achieving ∼92% of stability of the R-B 12 solid. The buckling has induced stability with ∆E ) 0.22 eV/atom over the flat {1212} sheet. The order of the stabilization energy introduced by the buckling is in agreement with the previous theoretical studies, 21, 23, 24 as shown in Table 3 . The optimized puckering height of 0.93 Å, is also comparable with the reported LDA height of 0.82-0.85 Å. 23, 24 Among all the planar isomers, the reconstructed {1221} boron sheet turns out to be the most stable configuration. It is ∼0.10 eV/atom more stable than its next competitive planar isomer, the idealized {1212} sheet. Instead of favoring the pure sp 2 graphene-like structure, the reconstructed configuration settles down to a "distorted" hexagonal unit yielding a triangularsquare-triangular unit network. Such a network facilitates the charge transfer, thereby forming a strong localized σ-bond with a bond length 1.63 Å. In contrast to the case of the flat {1212} sheet, buckling of reconstructed {1221} boron sheet does not appear to enhance its stability ( Table 2) .
We also find several stable configurations, other than those in the {1212} category. Despite the predicted instability of the isolated B 12 icosahedral configuration 41 in the small boron cluster regime, the 2D sheet consisting of the icosahedral network of boron atoms (i.e., icosahedral-I in Table 2 ) is the second lowest isomer with the binding energy of ∼5.60 eV/ atom. The icosahedral boron sheet mimics its bulk structure, and the average inter-icosahedral, (R inter ) and intra-icosahedral bond, (R intra ) are nearly the same as those in the R-B 12 solid. Another competitive isomer arising due to a different cluster orientation (i.e., icosahedral-II) is separated by only 0.09 eV.
Knowing that the nearly flat energy surface requires the use of more accurate methods for total energy calculations, Table  3 shows the calculated results obtained using the projector augmented wave (PAW) method for three representative sheet configurations. Although the PAW method is computationally intensive, it is known to provide relatively more accurate energy than the ultrasoft pseudopotentials 29 (US-PP) within DFT. 42, 43 To get a consistent comparison among different schemes (i.e., a dintra is the intra-icosahedral bond length, dinter is the intericosahedral, and a is the lattice parameter. The unit is Å.
US-PP and PAW), we have used the same set of model parameters for all calculations, as we mentioned in section II. The GGA-DFT calculations in terms of either US-PP or PAW predict the reconstructed {1221} sheet to be energetically preferable (∆E ∼ 0.10 eV/atom) to the flat idealized {1212} sheet. At the LDA-DFT level, however, both methods (i.e., US-PP and PAW) find the reconstructed {1221} sheet to be nearly degenerate with the idealized {1212}.
We note that the reconstructed {1221} boron sheet can be visualized as an assembly of the ground state configuration of B 6 unit in D 2h symmetry 44, 4 with aromaticity in bonding that facilitates extra stability over the other planar configurations, such as the idealized {1212} sheet. 44 To enhance the extra stability of the planar {1212} boron sheet, "buckling" has to be induced to facilitate stronger localized bonds in the network. Table 3 also collects the LDA and GGA results for the buckled {1212} sheet, which are consistent in both US-PP and PAW models and are in agreement with the previous LDA studies. 21, 23, 24 B. Chemical Bonding. We will now begin analysis of the chemical bonding knowing that stability of a given sheet configuration is controlled by an interplay of the valence electrons with its atomistic configuration. Indeed, we find that the atomic coordination index, Z (i.e., number of nearest neighbors of a given atom in the 2D network) essentially determines the bonding features and stability of a given sheet. Furthermore, a combination of the localized two-center (2c) and delocalized three-center (3c) covalent bonds network which threads through atoms on the icosahedron surface to stabilize the lattice of a conventional 3D boron crystalline solid [9] [10] [11] [12] [13] 45, 27 plays a vital role in determining the stability of the boron sheet.
In R-B 12 , boron atoms tend to form multicenter bonds in addition to two-center two-electron covalent bonds between neighboring icosahedra, which typically appear at high electron density region of ∼0.95 e/Å 3 (Figure 2-AI) . There are intracluster 3c bonds on the twenty triangular planes of an icosahedron at low-density region of 0.77 e/Å 3 ( Figure 2-AII) , and a relatively weaker intercluster (3c) bond at a low-density region of ∼0.60 e/Å 3 ( Figure 2 -AIII) among three icosahedra on a (111) plane of rhombohedral lattice. [9] [10] [11] [12] It therefore helps us in explaining why the isolated B 12 icosahedral unit is not stable in the small cluster regime 5,41,37 without the coexistence of both intra-and inter-icosahedron bonds. Indeed, such subtle bonding characters are present in the 2D icosahedral-based (i.e., icosahedral-I and -II) boron sheets.
Being one of the energetically competitive isomers among the boron sheets (see Table 2 ), the icosahedral-I sheet is being stabilized by both inter-and intra-icosahedral 2c σ-bonds with comparable strength (Figure 2-BI) . In addition, a stronger intraicosahedral 3c bond (Figure 2 -BII) appears, which can be interpreted as the preservation of the intrinsic stability of each individual icosahedron by the unusual 3c bonds, where the electron-deficient nature of bonding forces electrons to be shared at the triangular surfaces of the icosahedron. However, in contrast to R-B 12 , the icosahedral-I sheet has no inter-icosahedral 3c bonds (Figure 2 -BIII) at a low electron density of 0.63 e/Å 3 , as compared to the solid that possesses fairly strong intericosahedral 3c bonds at 0.60 e/Å 3 shown in Figure 2 -AIII. Therefore, it might explain why the 2D icosahedral boron sheet cannot be the lowest energy isomer due to the absence of the inter-icosahedral 3c bond, which utilizes the 3D space configuration, despite the unsaturated dangling bonds on its surface.
In the {1212} category, the atomic coordination index, Z, essentially determines the bonding features and stability of a given boron sheet. In the flat idealized {1212} sheet, the presence of the degenerate p-orbitals makes the highly symmetrical planar {1212} sheet less energetically stable (Table  2) . Here, the atomic environment with the high coordination number (i.e., Z ) 6) and the electron-deficient character yield the nearly homogeneous delocalized bonds (Figure 3-AI) . A homogeneous charge density distribution associated with de- (R B-B , Å) Figure 2 . Equidensity surfaces of electron density with the section contour maps of the icosahedral based R-B12 solid (AI, AII, AIII) and the icosahedral-I boron sheet (BI, BII, BIII). The red region represents the high electron density contour, and the low electron density contour is shown by the blue region. The bonding is represented by the gray isosurfaces. The AI-2c inter-icosahedral bond is at 0.95 e/Å 3 . The AII-3c intra-icosahedral bond is at 0.77 e/Å 3 . The AIII-3c inter-icosahedral bond is at 0.60 e/Å
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. The BI-2c inter-and intra-icosahedral bonds are at 0.94 e/Å 3 . The BII-3c intra-icosahedral bond is at 0.91 e/Å 3 . The BIII-3c inter-icosahedral bond cannot be found at 0.63 e/Å localized π-electrons is dominant, as shown in Figure 3 -AII, for the density region around 0.65 e/Å 3 .
When the symmetry of the planar sheet is broken by inducing the buckling height of 0.90 Å, the buckled {1212} sheet becomes the lowest energy configuration by gaining extra stability of the 0.22 eV/atom with Z ) 2 and Z ) 4 for the first and second nearest neighbors. Here, the puckering stabilizes the triangular sheet by inducing a strong directional σ-bond along the infinite boron chains (Figure 3-BI) , which breaks the degeneracy of p orbitals. Also, the infinite long boron chains along the "hill" and "valley" rows are each connected by a more delocalized weaker σ-π bond between the adjacent rows ( Figure 3-BII) , despite the chain-like configurations not being stable on their own in the cluster regime. 6, 40 Therefore, similarly to the icosahedral clusters based configurations, the buckled {1212} sheet prefers a mixture of localized and delocalized covalent bonds, which is analogous to dominant features of a mixed 2c and 3c covalent bonded network.
Regarding the most stable planar 2D boron sheet, the reconstructed {1221} sheet can be viewed as a "distorted" hexagonal ring as compared to the graphene sheet. If the symmetry is altered, the reconstructed {1221} sheet has the atomic coordination index Z ) 1 and Z ) 2 for its first and second nearest neighbors in the triangular-square-triangular network, in contrast to Z ) 3 for the sp 2 -dominant (Figure 3-CI) hexagonal graphene-like sheet. In a planar configuration, it has been pointed out by Evans et al. 21 that boron has one less electron than carbon, which makes the domination of the bonding in the graphene-like sheet by both sp 2 and π bonds energetically unfavorable. It is likely to be why one cannot find the analogous graphene sheet for boron in nature.
In the reconstructed {1221} sheet, there exists anisotropic chemical bonding 22 with significant contributions from the both in-plane localized directional covalent (i.e., σ-bond) and delocalized 3c bonds spreading along the triangular lattice networks. The electron density distribution, shown in Figure 3 -CIII, reveals that the charge transfer between the delocalized 3c bonds at 0.87 e/Å 3 in the network can be accommodated by the formation of directional covalent bonds (i.e., σ-bond) that interconnect the triangular units (Figure 3-CII) . Analogous to the case of the solids (i.e., R-B 12 ), 9-13 it therefore appears that the coexistence of three-center and two-center covalent bonds makes the reconstructed {1221} sheet more stable relative to the pure sp 2 -bonded graphene-like boron sheet. Hence, we believe, the mixture of 2c and 3c bonds found in several lower energy 2D sheet configurations in the present study might give us an insight in understanding and designing the boron-based novel nanostructures.
C. Electronic Properties. The electronic properties of the sheet configurations considered depend on their unique atomic arrangements and bonding features. The icosahedral-I and buckled "twisted-helix" boron sheets are semiconductors, and the rest of the boron sheets are metallic.
The semiconducting icosahedral-I boron sheet yields different features in its band diagram as compared to the metallic {1212} and reconstructed {1221} boron sheet. It possesses a rather flat band dispersion (Figure 4 ) for both valence and conduction bands. The icosahedral-I boron sheet has an indirect band gap of ∼0.50 eV at Γ (Figure 4) . Knowing that the conventional 3D boron crystalline solid (i.e., R-B 12 ) and boron nanowires 1 are semiconducting, we can attribute the semiconducting nature of the icosahedral sheet to the similarity of the atomistic and bonding features in the icosahedral-based configurations. Accordingly, the rich features of the p states around the top of the valence band ( Figure 5 ) can be attributed to the localized directional inter-icosahedral σ-bonds. Whereas in the close proximity of bottom of the conduction bands, contributions of the overlap of s and p states can be seen in the projected density of states. In contrast to the icosahedral-I boron sheet, dispersion of electronic bands is rather significant in the idealized {1212} sheet. The nearly homogeneous distribution of the electron cloud of the {1212} sheet leads to the isotropic metallic character in the band structure. A partially filled conduction band and strong overlap among valence and conduction bands can be seen in Figure 4 , which also displays the isotropic features of metallic character in the band dispersion along the K X and K Y directions. The total density of states shown in Figure 5 indicates the appearance of the nonvanishing states near the vicinity of Fermi level, suggesting that the high electron conductivity is accessible in the {1212} sheet. From the calculated l-projected DOS, it can be seen that s and p states contribute equally to the conduction bands, and thereby indicate the occurrence of the s and p hybridization. Because the conduction bands are unoccupied, the no s states occupied feature found in the idealized {1212} sheet might be the cause of why it is energetically less favorable as compared to the others. Buckling of the {1212} sheet induces anisotropy in the band dispersion along K X and K Y directions (Figure 4 ). In the K X direction, the conduction bands are partially filled ,suggesting a metallic-like character for the buckled {1212} sheet. The l-projected DOS identifies the top of the valence band and bottom of the conduction bands to be associated with π and π* states, respectively.
In the reconstructed {1221} sheet, the anisotropic nature of the chemical bonding yields different dispersions along the K X and K Y directions (Figure 4 ) in its band structure. In contrast to the planar {1212} sheet, the l-projected DOS shows dominant features associated with the p state (i.e., p y and p z characteristics) in the proximity of the Fermi level ( Figure 5 strong variation in the electronic and mechanical properties of the corresponding nanotubes, when the sheets are rolled into different chirality of single-walled boron nanotubes.
IV. Conclusions
In summary, first principles calculations were performed to study the stability, morphology and electronic properties of several sheet configurations of boron. Similar to those for the 3D boron solids, calculations predict a varied polymorphism in the 2D boron sheets, categorized into hexagonal graphene-like, idealized and buckled {1212}, icosahedral-like, reconstructed {1221}, low symmetry amorphous-like, and the hybrid 2D sheets. Among the planar sheet configurations, GGA-DFT calculations predict the stability of a novel reconstructed {1221} boron sheet over the idealized {1212} triangular sheet. Instead of having nearly homogeneous electron density on the 2D plane as in the case of the planar {1212} sheet, the reconstructed {1221} sheet is stabilized by coexistence of the localized σ-bonds and the delocalized three-center bonds.
The unique features in geometry and electronic properties of both {1212} and {1221} configurations suggest that a strong variation of electronic and mechanical properties is expected to occur when the plane is rolled into different chirality of singlewalled boron nanotubes. Furthermore, the emergence of an icosahedral-based boron sheet as one of the low-lying configurations suggests the stability of inter-icosahedral and intraicosahedral bonds, despite the fact that the discrete units of B 12 icosahedral unit are not stable on their own in the small cluster regime. The most stable buckled {1212} sheet is found to be stabilized by the anisotropic bond properties due to the interplay between the localized σ-bonds and the delocalized superimpose σ-π-like bonds between the boron atoms in adjacent rows of boron chains.
